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Abstract 

In this article, we consider the diagonal geodesic flows on product of non-compact 
hyperbolic surfaces of finite volume,i.e., on the product space T'(Mi)x- • •xT'(Mi) where 
every M, is some non-compact hyperbolic surface of finite volume and T'(M,) denotes its 
unit tangent bundle. And for Xi e T'(M/), we denote the geodesic flow starting at x, by 
gt(xi), where f e R. We want to study the points (xi, . . . ,Xk) e T'(Mi) x ■ ■ ■ x T\Mk) such 
that igr(xi), . . ., gtixk)) ^ oo as f — > oo. We prove that the set of such points has Hausdorfl" 
dimension 3k- j. This work is a generalization of the main results in (|2], and the proof 
involves some interesting results on the distribution of the orbits of discrete group actions 
on Furstenberg boundary dB.^. 



1 Introduction 

Let M be a non-compact Riemann surface with constant curvature - 1 and of finite total volume, 
and let T'(M) denote its unit tangent bundle. It is well known that M can be regarded as the quotient 
space of the universal hyperbolic space by some discrete subgroup F c Iso(]H[^) = SL(2,R), say 
M = F\EI^. Under the condition when M is of finite total volume, F c SL(2, R) is a lattice. And there is a 
natural identification T'(M) s F\SL(2,R). For simplicity, we denote SL(2, R) by G, then T'(M) s T\G. 

{cos 6 sin 6 \ 
: 9 e Ry, A = 
- cos sin 0\ 1 

X € R y. And each point x e T'(M), it determines a point 



t e 



and let : 



on y G M and also a direction v e T^(M), then starting from x, we have a unique geodesic flow, which is 
denoted by {gtix)]ieR- On the F \ G level, the geodesic flow corresponds the action of the one-parameter 
diagonal subgroup, say {fl/)/ex, i.e., for Fx e F \ G, the geodesic flow starting from x is just {Fxfl,),gK. In 
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this article, we study the diagonal geodesic flows on the product space of hyperbolic surfaces (for some 
technical reason we consider the negative geodesic flows, i.e., f is moving in negative direction, and this 
is the same as the positive geodesic flows), say T'(ri \ H^) x ■ ■ ■ x T'(rA tf) = Ti \ G x ■ ■ ■ x \ G, and 
we are interested in the points (jci, . . . , jc^) e Fi \ G x ■ ■ ■ x \ G such that (g-iixi), x ■ ■ ■ xg_,(xi)) oo 
as f — > +00, i.e., for any compact subset "TC c Fi \ G x ■ ■ ■ x Fa \ G, there exists a constant T{'K), such 
that for all t > T{'K), {g-t{x\), . . . ,g-i{xk)) i TC. If we denote the collection of such points by Dk, we 
want to compute the Hausdorff dimension of Dk- For k - 1, i.e., on some single hyperbolic surface, it 
is well known that g-i{x) eF\G— >ooasf— > +00 if and only if g-t(x) is going toward some cusp part 
of F \ G and it never escapes the cusp. Therefore for every point y e F \ to make the geodesic flow 
divergent, the only directions in T|,(F \ H^) we can choose are the ones whose opposite directions are 
pointing to the cusps of F \ H^, and thus the set Di is of codimension one in F \ G. But for k >2, the set 
becomes interesting. Actually, Dk turns out to be a self-similar Cantor-like subset of the whole space. 
And in this article, we will prove the following theorem: 

Theorem 1.1. For any k > 2, the Hausdorff dimension of D^, 

dim// Dk-2>k-\ 



The Hausdorff dimension of divergent geodesic trajectories on product of hyperbolic spaces is 
closely related to that of divergent diagonal flows on homogeneous spaces G/F where G denotes some 
semisimple Lie group and F c G is a lattice of G, and it has many appUcations in number theory. The 
reader is referred to [@] and (|5] for details in this direction. On the other hand, this topic is also related 
to the geodesic flows on translation surfaces and Teichmiiller flows on moduli spaces of holomorphic 
quadratic differentials since there is a natural SL(2, R)-action on the moduli spaces and the Teichmiiller 
flows correspond to the orbits of the actions under {af),ER. We refer the reader to ||3], ||9], LlOi and 
lim for details about the study in this setting. 

This work is inspired by Cheung's results in [2] in which he deals with the case when the discrete 
subgroups are all equal to the arithmetic subgroup SL(2,Z). The main obstacle to generalize from 
SL(2, Z) to any lattice F is the estimate of the number of cusp points in a given small interval whose 
heights are in a given range (here the height of a cusp point is defined later and is an analogue of the 
denominator of a rational point ^, say q). To get such an estimate, we need to apply an effective result 
of the mixing property of geodesic flows on hyperbolic spaces due to Moore (see O). 

1.1 SOME BASIC REDUCTION 

In this subsection we recall some basic results about group action of SL(2, R) on and get some 
trivial reduction of our original problem. 

The universal hyperboUc surface is identified with the upper half plane - {z - x + ly : y > 0] 
with the hyperbolic metric ds^ - and SL(2,R) acts on by fractional linear transformation: 
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for g = 



n 82 

[83 84 
g e G to gi e i 



e G and z e 



j2 ^ £l£±£2 

' ° «3Z+g4 



Then if we consider the map: G 



by sending 



, it is easy to see that the stabiHzer of ( is K, so this map induces an isomorphism 

?i 82 



G/K = M . On the tangent bundle, the action is represented as follows: for g - 



82 84 



e G and 



(z, v) e SL(2, R), then the action g{z,v) = ^f^frff ' (i^i+i^-*- ^^^^ group action is conformal by the 
results of fractional linear transformations, i.e., it preserves the hyperbolic metric and also the angles 
between any two geodesies. Then we can identify G with T'(H^) by sending g e G to g(i, i) € T'(]H^). 
Under this map we can also identify F \ G with T'(r \ H^) for any non-compact lattice F of G. Then 
for X e G = T'(]H[^), the geodesic flow {gt(x)}iefL is identified with the orbit of the right action of 
{fl/lreR, say {jcfl/l/eR, and on the level of homogeneous space F \ G, the geodesic flow starting from 
Fx is equal to {Fxa,},(:^. In this article we insist on studying the negative geodesic flows, i.e., the 
negative part of the whole geodesic line, say {rxa_/),>o. Then for any Fx € F \ G, we can decompose 

fffl 



: a eR\{Q},be R} and m+(x) e U 



X e G as X = u^{x)p (x), where p (x) e P 



Then since a,p (x)a_/ remains bounded for all large f, therefore Oip (x)a_, 

Thus on the product space Fi \ G x ■ ■ ■ x Fjt \ G, (Fixifl_,, . . . , F^Xka^,) — > oo 
as f — » +00, then (FiM^(xi)a_,fl,/?"(xi)a_,, . . . , FiM^(jiCi)ci_,afp"(xi:)fl_j) — » oo, and for afp^(xi)a-t 
^(xi) e G as t +oo, for / = l,...,k, this implies (FiM^(xi)fl_(, . . . , FiM^(xi)a_,) also diverges as 
t — > +00. Conversely, for the same reason, if (FiM^(xi)fl_,, . . . , FkU^ixtja^,) diverges as t +oo then so 
does (Fijcifl-,, . . . , FkXta^,) as f — > +oo. Therefore if we define 



I u(t) e 


1 t 






: f € r| 


1 




^(x) e G as f 


— > +00. 



(xi 



, Xk) e R : (FiM(xi)a_(, . . . , Fku{xk)a-t) — > co as f — > +oo) 



we have dim// Dt - dim// Dk + dim(f )* = dim// Dk + 2k. And on the level of H^, for x e 
{M(x)a_,),>o corresponds to the half geodesic ray {x + e^^'i : f > 0), then we have 



(1) 
the flow 



(xi 



,xk) e 



l'' : FiX---xFA(-=ci+(e"^', 



Xk+ie diverges as t — > +oo in Fi\H^x- 



■xFAtf 
(2) 



3 

2- 



And our original problem can be reduced to proving that dim// > k - ^ and dim// D2 

The paper is organized as follows: in Section|2] we give some basic results concerning the geodesic 
flows on a single hyperbolic surface F \ and the cusp points of F, and deduce the conditions when 
a geodesic flow can be close to a cusp of F; in Section [3] we prove a technical result concerning the 
estimate of the number of cusp points of F in a small interval / = [x-d,x + d] with heights within some 
range [c]/;, C2/1]; and in Section |4] we give the proof of Theorem ll.il the first subsection concerns the 
lower bound of Hausdorff dimension, the proof depends on the result in Section |3] and the second one 
concerns the upper bound, the proof needs a basic estimate about cusps in [?]. 

Remark: the main ideas and most arguments in this paper also work for studying the divergent 
geodesic flows on products of hyperbolic spaces of any dimension n, i.e., {(g-t{xi), . . ■ , g-t(xk))}r>Q c 
T'(Mi) X ■ ■ ■ X T^Mic), where M, = F,- \ H" is some non-compact hyperbolic space with finite total 
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volume, for ; = 1 , . . . , A;. In a sequent paper, we will prove a similar result in this setting. 



2 GEODESIC FLOWS ON T \ 



In this section, we denote G = SL(2, R), and F c G some lattice of G. We may identify G with unit 
tangent bundle of the universal hyperbolic space, say T'(]H^). Here we use the upper half space model, 
the the ideal boundary of H^, denoted by dB.^, is identified with R U oo. The diagonal flow ii(x)a-t 
corresponds to a geodesic flow on T' (H^) joining oo e and x e R c dE?. Then to study the quotient 
space r \ H^, we may divide into countably many fundamental domains with respect to the F-action. 
Up to a conjugation, we may assume some fundamental domain has oo as one of its cusps, among all the 
fundamental domains sharing oo as a cusp, we choose one, and denote it by Do, such that e R c dB} 
is not a cusp of Dq. We denote all cusps of Do by a\ - oo,a2, ■ ■ ■ , a,„, suppose the boundary of Do has 
n sides, then from a basic result of fundamental domains of F \ tf, we may pair all sides of Dq in the 
following way: {(e/,e,, where e,-, e^. are sides of Do and Si e F, such that for each /, i,(e/) = e.. 

Note that in this pairing notation, we put both (e,, e., i,) and (e., e,, sj^) into our collection. And if we 
put S = then a well known result is that S generates F (see HI). Next, we divide Do into m parts 

using only geodesic segments{f , such that each part Pj is connected and has only one cusp aj, then 
for any point z e c Do, we say z is near aj, or close to aj. Then by dividing any fundamental domain 
yDo where y e F via yP j, similarly if z e yPj then we say z is near ya, . For a geodesic flow ff, if at 
some moment it moves into yP j, then we say at this moment enters the cusp ya,-. 

For any cusp a,, we have the subgroup F„^ c F is nontrivial, where F^, denotes the group of elements 

1 kh 



in F which fix the cusp a, . Then for oi = oo, Fm = 



[0 1 

generality (take a conjugation of F if necessary), we may assume li 



k eZ}, for some /i e R, without loss of 



1, i.e., F„ 



ke: 



For general a,, F^,, is of form 



1 
1 1 



kli 
1 



1 
-1 1 



1 - ^ kli 
1 + 



ki, 



k eZ} for some /,■ e 



For any geodesic flow that once enters Do and near a, at some moment, then the next cusp enters 

[1 - ^ kli 



will be of form Ui(k)sjaq, where Ui(k) 



-Mi 1 + Mi 



€ F„, and Sj e 5 U {e) where e stands for the 



identity of G, but SjUq + ai. In fact, § can spend some time near a,-, going through several fundamental 
domains near a,-, say from Do to m,(A:)Do and then enter another cusp of Do, or enter another nearby 
fundamental domain, which is of form Ui{k)sjD() for some Sj e S . When the formal happens then we 
put Sj - e and thus have the above statement. Then by transforming Do to yDo via y, we have the 
following: for any cusp ya,, if a geodesic flow @ is near ya, at some moment, then the next cusp Q 
enters must be of form yui(k)sjag. 
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For a cusp ya,-, where y = 



73 74 



F, we define the height of ya,, denoted by llyfljil = V^|y3+-^|, 



4 



in fact, it is just the lower left entry of 



note that 







n n 

73 JA 

<T, 







V^(r3 + ^) V^-V4 



. And also we 



= Too. In particular, if a, - oo, then ||yoo|| = |y3|. But for 



a fixed cusp ya,-, the choice of y is flexible, in fact, we can choose any element in the coset yFoj. In this 
article we choose y in the following way: For each cusp a, of Dq, we choose a neighborhood 0, of a, 
in for ay = oo, the neighborhood we choose should be 0i = (-oo, -M) U (M, oo) for some large 
number M > 0. Then for a fixed cusp ya, we choose y such that y"'oo ^ 0,. This always can be done 

since if y'^oo e ©,-, then we apply M,(fc) to get M,(fc)y~'oo, for a suitable fc, we may move it out of 0,-. 
For the case of ai = oo, the picture is very clear: if |y"'oo| is larger than M, then we apply ui{k) to get 
MiWy 'oo = y^'oo + fc, this is pure translation, then obviously we can make |y"'oo| smaller than M for 



suitable k. For general case of a,, we translate 0, via 



1 




1 







to 






-J- 1 






1 



0, which is a neighborhood 



of 00. Then if y 'oo e 0,, then 



1 
-1 1 



y 'oo is near oo, then we may choose suitable k to make 



1 kli 




1 




1 






y ^oo — 




1 




-1 1 

L ai J 


-1 1 

L a; J 



y 'oo + kli away from oo. Thus 



1 



1 kh 
1 



1 



y 00 will 



be out of 0„ i.e., M,(A:)y~'oo ^ 0,. then we replace y by yui{-k), then we make y"'oo ^ 0,. 

Near each cusp of Dq, say a,, we can find two horocircles, say C, and C-, with radius r, and 
respectively, both through a,, such that C, c FajP, C";. A point x + yi e in inside C, (and C; 
respectively), if and only if (x - a,)^ + j?^ < 2r,)' (and (x - a,)^ + < 2r|)' respectively). On the other 

yfh^' 



hand, if we apply 

is3^i^ 



4 



acting on X + y^, we get 



x+yi 



= ;.(4-;,Ay, . and its imaginary part 



we have the following: 



we have 3 



^(x+yi)+li 

lU-a f+iy^ • Thus \ix + yi & d (and x +yi& C, respectively), then 

2 2 2 

(x + = ;.(;^_a.')2+/.y2 > ^ ( > ^ respectively). From the above calculation. 



« (fl,x+fl,vO((*3/^-t)+^0 



Proposition 2.1. For eac/j CM5p a, ofD^, there exist two constants, depending only on F, c,(= ^) an<i 



c,.(= 77^), '^Mc/z f/zaf, i/3 



(x + yO > Ci, then x + yi is near at, and ifx + yi is near a,-, then 



yfii-' 
-4 



(x + yi) > c\. Here conventionally we put ^ = 0. 



Now, for a fixed x e R c dM^, we denote the geodesic flow joining oo and x, which corresponds 
to the diagonal flow u{x)a-, (let u{x)a-s act on ;), then the element u{x)a-s corresponds to the point 
X + -pj, it is near ya,- (i.e., x + ^ e yPf) if and only if y^^{x + ^) is near a,, and then we may apply the 

V^"' 1 -1, , , , c In 72 

^ y '(x+ Suppose y = 



above proposition. So we need to calculate 3 



, then 



5 



\fTr' o' 









V^(-r3-^) V^(ri + ^) 



, so 



vi;-' 



and its imaginary part is the following: 

„ 1 [(y4;t-y2)+y4e-''i][(yi + ^)--«:(y3 + 77)+(y3 + g-)g""'] 
I [(yi+^)-x(y3+|)l'+(y3+'^)'«-''' ' 



(y 1 + f )-;c(y3 + f )-(y3 + f ' 

[(y4^-y2)+y4e-''i][(yi + ^)--«:(y3 + f )+(y3 + 
[(yi+^)-4y3+|)]'+(y3+'^)'e-''' ' 

1 (y4.f-y2)(y3 + ^ +y4e~''' [(y 1 + g )-x(y3 + )] 
'i [(yi + ^ )-->:(y3 + ^ )]' +(y3 + f )'c-'" 
_ e~''(y3y4Jc+y4A:/a,— y2y3-y2y4/«i+yiy4+y2y4/qi-y3y4Jt-y4Jc/a,) 
llya;lP(|x-yaiP+c-*0 

_ g '-'(yiy4-y2y3) 

llyailPd-t-ya.P+e-"') 



(3) 



||ya,|P(|;c-yaiF+<!-") 

1 

||ya,|P(e2»|;t-ya,.p+e-2») 



(4) 



In above, /,[(ri + ^) - x(r3 + ^)]' = llwlPl^ - Wl' since Wya^W = yflily^ + yat 
and 7174 - 7273 = 1 since 7 G SL(2, R). 

When e^* = ,„ Li , the imaginary part can obtain its maximum 



yia.+y2 

730; +y4 



ys+z 



1 



k-ya.l 

following proposition: 



2||yailPk-yai| 



Therefore we have the 



Proposition 2.2. Lef 0^, Ci and c- Zjc defined as above. For each cusp yai, Qx is near yat at some 
moment if 

1 

> Ci 



2|l7fl!lPk - yflil 

. Conversely, if Qx is near ya, at some moment, then we have 

1 



nyaif\x - yai\ 

Remark: The above statement can be regarded as an analogue of the condition under which a 
rational fraction | is among the continued fractions of some real number x. 
For simpUcity, we call @x enters ya,- deeply if 2\\yai\?\x-yai\ > 

We denote A x B if there exist two positive constants w and w (only depending on F), such that 
(ji)B < A < 0) B; and we denote A <K (A » respectively) if only the right part (left part respectively) 
of the previous inequality holds. 

Suppose at some moment Qx is near 7a,, and it leaves 7a, after a while, then the next cusp it enters 
must be of form yui{k)Sjaq from the above discussion, where Ui{k), sj and aq are defined as above. If 
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we put y - 



n 


72 


and Sj - 






, then we have 


73 


74. 











jui(k)sj 



71 72] 1 - -sf f«i f^j 

kl, , , 

73 74j[ 1 + ^JL"^; P/ 

71 Ml - f ) + r/;/] +72[-«4 +T^(1 + f )] 7l[je;(l - |)+p^«,] +p^(l + |)] 

73MI - f ) + T//;] +r4[-«;4 +T/1 + f )] r3L6;(l - f +74[^;4 +p;(l + f )] 

' (5) 



Then we have: 



'yui(k)s 



ydajd - f ) + T,.«,] +r2[-a,f + r/l + f )] + ^{7i08,(l - f ) + P;M] + 72[-;e,f + Pjd + f )]) 



73[a;(l - f ) + Tjkh] + r4[-a;^ + T,(l + f )] + ^{7308/1 - f ) +Py^] + 74[-;S,f + f )]) 

' (6) 
and its height 

\\yui(k)sja,\\ = V^l73[t^/1 - f ) + r/Z,] + 74[-a4 + tj(1 + f )] + ^{73[y3i(l - f ) + 74[-/54 + Pj(^ + f )])! 

= V^I«/[(t; + ^) - + g)](73 + ^) + 73(a; + g) + 74(T, + g)| 

(7) 

Since -<Jl^y/Ti\{Tj + j-) - ^(fj + - \\sj'^q\\\\ci\\\ai - sjUql, especially, if a,- - 00, it will become ||sjfl<,||, 
if SjOg = 00, i.e., Sj = e and 0^ = 01= 00, it will become ||fl/||. 

Then since |fl,- - is bounded from both above and from below (including the above 

two extreme cases), in fact there are only finitely many choices for a,, sj and a^,, thus in the above 
expression the coefficient of k, which we denote by Q(fc), can be compared with V^lys + 7-! = Il7fl/ll, 
i.e., Q(^) X ||yfl,.||. 

In the expression of yui{k)sjaq, the remainder except D.(k)k is 73(0'; + 7-) + 74(Tj + To estimate 
\\yui(k)sjaq\\, we need to prove the following inequality: 



\y3(aj + % + y,(Tj + ^)| « \y, + ^ 



Proof of We prove it by contradiction. Suppose for each integer n > 0, there exist y{n) - 



ai(n), s j{n) — 



Tj(n) pj(n) 



and aqiri), such that 



Pj{n) Pj(n) 74(n) 

\y3(n)(aj{n) + ——) + y4(n)(Tj(n) + ^773^)! > n|73(n) + 



(8) 

71 (n) 72 (n) 
73(«) 74(«) 



(9) 



ag(n) aq{n) ai(n) 

Since there are only finitely many choices for a,(n) Sj(n) and aq{n), by passing to a subsequence, we may 
assume they remain the same, say equal to a, sj and a^, respectively. And then by choose a subsequence 
again we may assume that |'y3(n)| > l74(n)| always true or lysCn)! < l74(n)| always true. If this is the 
formal case. Therefore by dividing both sides by l73(n)| the above inequality becomes: 



\{aj + —) + —--(Tj + — )| > n|l + 



73 (n) 



73(«) cii 



(10) 
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Since | I < 1 , the left hand side remains uniformly bounded for any n, thus the only case to make the 
inequality hold is that 1 + IiMl ^ q as n — > oo, i.e., -^iM _> q. as n — > oo. Since -2iM - 'y(n)"'oo 
we have y(«)"'c» — > a,. This contradicts our choice of y{n) since previously we choose y such that 
y"'oo ^ ©,• 3 fl,-. 

If this is the latter case, then we divide both sides of the inequality by |y4(n)| to get 

I— — («;■ + — ) + (T; + — )| >«|— — + — I (11) 

Then we get the left hand side remains uniformly bounded, and thus + j — > as n ^ 00. So we 
get the same statement as in the formal case and thus the same contradiction. 

This completes the proof. □ 

Combining Q(fe) x ||yfl,|| and the inequality ([8]l, we have 

\\yui{k)sjaq\\ = \Q.{k)k + y^iaf^) + y^izj + ^)| 

< \n(k)\\k\ + \y,(a/^)+y,(Tj + '^^)\ ^^^^ 
<K \k\\\yai\\ + Const.WyaiW 

« l^lllr«.ll 

And for lower bound of \\yui{k)sjaq\\, we have that there exists some large integer such that for 
\k\ > N the following estimate of \\yui{k)s jOqW holds: 

\\yuiik)sjaq\\ » kWyaM (13) 
Combing them, we have for \k\ > N, the following estimate holds: 

\\yui(k)sjaq\\ X (14) 
For \k\ < N, we will prove the same estimate: 

\\yui(k)sjaq\\ X |^|||yfl,.|| (15) 

The upper bound has been proved, so we only need the lower bound, i.e., there exists some constant. 
Const., such that 

\\yui(k)sjaq\\ > Const.\k\\\7ai\\ (16) 

where \k\ < N. But note that we do not prove this for arbitrary a,, k, sj and a^, instead, we will only 
prove this for ya/ and yui{k)sjaq such that there exists some geodesic Qx - [x + ^)seR, which enters 
ya, and after a while it leaves ya,- for yui(k)sjaq. And since we assume \k\ is bounded, in the above 
inequality the factor \k\ is unnecessary. Thus it suffices to prove the following: 

Lemma 2.1. There exists some constant Const., such that if some geodesic Qx — [x + ^).seR enters ya,- 
when s = t and leaves it for y aq when s — t , then \\y aq\\ > Const.\\yai\\ 
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Proof. At first, we claim that there exists some constant A, such that e^' < A ^^^J^^ ^ . If enters 



yoi deeply, then the conclusion is already there since at e^" = t-^ — ff^ is already near -ya,, then 

\x yoi\ 

. If 0x does not enter yai deeply, then we have ||yfl,|p|x - ya,| > j-, and x + 4? is near ya,- 



\x-yai\ 



implies e^'\x - ya,p + e ^' < , which implies e^'\x - yui^ < , and therefore e^'|x - yfl,| < 

T-TT — iTT^ : < It-. This proves that e^' < — ! — :. Therefore we prove the claim. Then for the same 

reason, e^' < A; — \ — :. 

Now from the conditions we know that e^'|x - 70,^ + e"^' < and e^' \x - y aq\^ + e^^' > 



n-^ — . Sincc 6 < A; — -, — :, wc havc e \x - y aa\ < A e , and then the latter inequality above 
implies (A^ + l)e^^' > ^ J,^ , then e^' < 2(1 + A^)cg\\y' a^W^ . And from the formal inequality 
above we have e"^' < 2.'\lya ir (^^^^ we just drop a positive term e^'\x - yai\^ from the left hand side), 
i.e., e^' > Ic'jWyaiW^ . And since / > f, then we have 2(1 + A^)cq\\y' a^W^ > 2c;||ya/|p, which leads the 
conclusion immediately. 

This proves the lemma. □ 
Combing both of them, we have for arbitrary y a, k and a^, the following holds: 

\\yui(k)sjaq\\ X (17) 
The distance between ya, and yui{k)sjaq is the following: 



lyoi - yui(k)s jOql = 



+ t y3[aj{l--^)+rjkli]+y4-aj-^+Tj(\ + -^)]+-^{y,[fij(\--^)+pjkli]+y4^^^ 
~ ||ya,||||y«,W^ja,ll 

(18) 

As we have done above, if a, = oo the final line will become j. — ri-^s — ri, if SiOa - oo, i.e., s , - e and 



\\yaMyiii(k)sja,\\ 

both above and from below. This deduces the following: 



q - ai - oo, then the final line will become ||y„,|||[y„ (^ooy ■ Then |fl; - ija^|||ijfl^||||fl,|| is bounded from 



\yai - yui(k)sjaq\ x V (19) 

llrfl<llllr«/(^)«y%ll 



Combing with the estimate ST7\ . we have the following holds: 

lra,-r«,W.,a,|x^J-^ (20) 

Next we study the distance between arbitrary two cusps, yaj and y a,. 
At first, let us look at a simple case, where y - e. 

Lemma 2.2. For any y e F and cusps of Dq, ai and aj, we have 

lla,llllr«;illra; - «,l = IKIIIIr"'«'lllr"'«/ - «>l (2i) 
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Proof. This follows directly from pure calculation. In fact, 



I|aillll7ajlllraj-«il 



"V^ V^li;(Ti + yilaj) - (73 + yAlaj)\ 

ylh\Tj(y4 - Jilad - (-73 + yilai)\ 

IKIIIl7-'«dll«-a;l 
\ai\\\y~^ai\\\y-^ai-aj\ 



This proves the lemma. 

From the lemma, we have the following proposition: 
Proposition 2.3. There exists some constant Const, such that for any 7 e T, a, and aj, we have 

\\ai\\\\yaj\\\yaj - a;| > Const. 



(22) 



□ 



(23) 



Proof. At first, by replacing y by Ui(k)y for some suitable k, we can make Ui(k)yaj i 0,. And this 
replacement does not change 7"'a, so does not change the value ||ay||||7"'a,|||y"'fl, - aj\ which equals 
I|aillll7ajll|ai - y(ij\- This shows that this replacement does not change the value ||a,|||l7aj||l7a; - Then 
we can assume that there exists a constant A such that ||a,|||7aj - a,| > A. Then it sufHces to prove 
WyajW > Const.. 

Suppose not, then there exists a sequence y{n) € F and sequence of cusps of Dq, aj(n) such that 
||-y(n)flj(n)|| > for any n (||7aj|| = if and only if aj - 00 and y € Foo, and in this case lyaj - fl,|||7flj|| - 
1), and yin)aj(n) — > as n — > 00. Since the choices of ajin) are finite, passing to a subsequence we may 
assume that a/n) = aj remains the same. Then we consider the action of F c SL(2, R) on just by 
linear transformation. Since F is a discrete subgroup, and if we denote the stabilizer group of (l, by 
Uaj, we have the intersection of Uaj and F, J/q, n F = F^ . which is cocompact in Ugj, this implies that 



the orbit F 



1 



is discrete in R^. y{n) 



y(n) 



1 



tends to as n — > 00. Since 



^1^ 

V a, J 
1 k 

1 



71 (n) ■ 



y4(«) 



. Il7(n)aj|| — > tells that the )'-coordinate of 



G Fcx, c F, we can apply Mi(A:(n)) 



1 k(n) 
1 



on y{ri) 



\aj) 

for some suitable k{n) to remain the j-coordinate and make the x-coordinate y\ (n) + +k{jT,{ri) + ^^) 



also bounded, this can always be done since Il7(n)aj|| > 0. This shows that ■!Mi(A:(n))7(n) 



^1^ 
1 



IS 



bounded, but Il7(n)aj|| — > implies the previous set is infinite, which contradicts the fact that F 

discrete. This proves that ||7flj|| > Const.. 
This completes the proof. 



1 



IS 



□ 
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Now let us consider the general case: for two cusps yaj and y a,, the distance 



\jaj-jai\ 



r,T3 JiJi r^n 



' y\yA 72y^ yirx ■ ■ , ■ / 



On the other hand. 



r r = 



llyfl.,lllly fl/ll 

llya/lllly'fl;ll 

|[(yiy4-y2r3)+j-(y2y4-y2y4)]-a,[(yly3-riy3)+jl-(7',y4-y2y3)]| 
llyajllllr'fl.ll 

74 -72 71 72 
-73 7'i J [73 74 
7174-7273 7274 - 7274 
7'i73 - 7173 7'i74 - 7273 



(24) 



(25) 



Then we have 



1 



1 



[(7174 - 7273) + —(7274 - 7274)] - a/[(7i73 - 7173) + — (7i74 - 7273)] 



11/ Vfljlll/ Vfl>-«;l 
(26) 



This shows that 



\yaj-y'ai\ 



yaj - Oil 



(27) 



Il7«;llll7'aill 

Applying Proposition 12.31 with y'^^y, a, and aj, we have Il7'"'7'3jlll7' V'^'j - '^il ^ 1^ ^nd thus get 
following proposition for general case: 

1 



\yaj-y'ai\ » 



(28) 



Il7fljllll7'fl/ll 

For a geodesic 0^, we have a sequence of cusps {7(n)fl(n))neN such that the geodesic enters them 
one after another sequently, and we call it the spectrum of x. 

We will prove the following estimate of distance between x and y{n)a{ny. 

1 



\x — y(n)a(n) 



||r(n)fl(n)|||l7(n+ !)«(«+ 1)11 



(29) 



Proof. Choose a large constant M such that if \x - yai\ 



1 



then ffx enters ya, deeply. 



If \x - y(n)a(n)\ > jt^||y(„)a(n)|p ^^^^ statement is already there since \\y(n + l)a(n + 1)|| » 
\\y{n)a{n)\\. Now we assume \x - y{n)a{n)\ < jt^||y(„')„(„)||2 , then enters y(n)a(n) deeply. Then when 
leaves y{n)a(n) for y(n + l)a(n + 1), say at s - t„+i, we have 



3 



a{n) 





m 



y{nr\x+-—)^^ 



^l(n + 1)-' 



y{n + 1) (x + 



,2/„+i 



■) 



, I.e.. 



\\y{n)a{n)\\\e^'"*'\x-y{n)a{n)\^ + e"^'"+') x ||y(n + \)a{n + \)\\\e^'"*'\x - y{n + \)a{n + 1)|^ + e"^'"+') 



-2f„+iN _ 



2/„2f„- 
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, and for y{n)ain), since enters it deeply, we have e^'"*^ > j^i:^;^^^^^ This impUes on the left hand 
side of the previous expression, ||y(n)a(n)|pe^'"+'|^ - t(«)«(«)P is the major term. As we have proved, 
g2f„+i < ^ ijc_y^„+l)a^„+i-)i then the right hand side is compared with \\yin + l)a{n + l)|pe"^'»+i . Therefore 

|lr(n)a(n)|| |jc - r(«)«(n)l^ x llr(« + !)«(« + l)fe-^'"*' 

X -y/||y(n)a(n)|pe2'»+i|x - r(n)«(n)Pllr(n + l)a(« + iWe'^'-*^ 
= \x- yin)ain)\\\yin)ain)\\\\yin + l)a(n + 1)|| 

(30) 

Note that at s = t„+i, \\yin + l)a(n + l)|pe"^'"+' is uniformly bounded from both above and below, 
then we have 

\x-yin)ain)mn)ain)\mn+ l)a(n + 1)|| - 1 
This proves the statement. □ 



From the above argument, we can also conclude that the time t„ when 0^ enters y(n)a(n), is asymp- 
totically In ||y(n)a(n)||. And moreover, if enters y{n)a{n) deeply, then at the time r„ = i In ' 
/Knj-^ 

a(n) ' ^ -'. 

' Mnj-^ 



2 |x-r(n)a(n)| ' 

y(n)"'(x + 4?) admits its maximum. 



From now on, we define the following function for x e R, 3!B^(f) = 3 



^/I{n) 

a{n) y \ / 



r(n) (x + 



47) when f e [t„,t„+i). Then if enters yin)ain) deeply, Wxit) has a local maximum in [f„,f„+i) at 

s = r„. 

Next, we will prove that for two cusps ya,- and = yui{k)sjaq, if \k\ is large enough, then any 
point X very close to Yttq, say the distance between them is much less than has the following 
property: will enter both ya,- and y'Uq, and from leaving ya, to entering y'uq, it at most spends a 
uniformly bounded time, say sq. Rigorously, the following proposition will be proved: 

Proposition 2.4. There exist constants Nq, e and sq, such that for any two cusps yat and Yaq = 

yui(k)sjaq, where y e F, a,- and Uq are two cusps of Dq, Ui(k) e F„_ and Sj e 5 U {e}, if\k\ > No, 
then for any xe%if\x- y'aq\ < then Qx enters yat and Yaq in the given order, and from leaving 

yai to entering y'aq, it spends at most sq. 

Proof. Choose A^o large enough so that when \k\ > No, \\yUi{k)Sjaq\\ x |A:|||ya,|| » ||ya,||, then for any 
small e > 0, if I a: - y'a^l < jj^^. then the distance between x and ya,-, 

\x - yai\ > ly'aq - yai\ -\x- Yaq\ 

' ' (31) 



ll/a^llllraj WYa, 
1 



llr'a,lllira;ll 

Since \\Yaq\\ » ||ya,||. 
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Conversely, we have 

\x - yai\ < \y'aq - yai\ + \x- Yuq 



' + ^ (32) 



1 



\\7aM\y'a,\\ 

In above, the second inequality is true because y'Uq = yui{k)sjaq from which it follows lya; - y'aq\ x 
ii — ml , II as we have proved. 

Therefore we have \x - yai\ x ij^;^^!/^' then at first Qx will enter ya, at some moment, and when 
it leaves ya,-, say at i = then the next cusp y"ar Qx enters will have height Il7"ar|| x lly'a^ll since 
\x - yai\ X 1 



llra,llllr"arll • 

If y"ar = Yttq then there is nothing to prove. Suppose not, then we have 

\\y"arf(e^'\x-y'arf + e-^')^l 
and moreover we have proved e^^' » e^'\x - y"ar\^, then 

WY'arfe-^' X 1 

Combing \\y'aq\\ x ||7"arll, we have 

WYaqfe-^' X 1 



which means there exists a constant Const, such that 



e ^' < Const. - 



1 



'WYaqf 

Then there exists a constant io > such that 

^-2t-2so < Const. 1 1 1 



" ^2^0 wyaqf - 2cq Wy'uqf 

And since \y'aq - Y'^A » ii/a^iiiiya.n " \\yl p > we can choose e > small enough such that if 
\x - y'ttql < 11^,^ IP , then \x - Y'^^A ^ Ae^^''\x - Y^^ql This fact combing with e"-^' > j^\x- Y'^A impUes 

e-^'-^'" > -^\x - Y'ar\ >\x- Yaq\ 

Then we have g-^'-^^o > e^'^'^'o\x - Yaq?, and thus 

\\Yaq\\\e^"-^^'>\x-Yaq? + e-^'-^''>) < \\Y Uqfle-^*-^'" 

< L ^ ' 

This shows at time s = t+ so, 0x has already entered y'a^ deeply, and thus proves the proposition. □ 

For (T > 0, we define the subset A^- c R as follows: 

Deiuiition 2.1. xe. h^- if and only if the spectrum ofx, [y{ri)a{ri)}nm has a subsequence {Y{n)a'{n)}nm 
such that the following properties hold: 
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1. ||r'(«)fl'(«)ir" < llr'(« + i)fl'(« + 1)11 < 2||r'(«)fl'(«)ir'^ 

2. From leaving y'{n)a'{n) to entering y'{n + \)a\n +1), it spends at most sq, where sq is defined 
as above. 

As a close of this section, we will prove the following proposition concerning Hausdorff dimension 
of A^: 

Proposition 2.5. For any cr > 0, the Hausdorff dimension of A^-, denoted by dim//(Ao-) is at least 

To prove this proposition, we need the following theorem: 
Theorem 2.1. ( See /i2/ ) Consider a Cantor set F <z'E. defined as a nested intersection: 

where Fo is a closed interval and each Fj is a disjoint union of finitely many closed intervals. Let (mj)j>i 
be a sequence of positive integers and (£j)j>i a sequence of real numbers that tend to zero monotonically 
and suppose that for each j > I there are at least tnj intervals of F j contained in each interval of Fj^i 
and these intervals are separated by gaps of length at least ej. Then the Hausdorff dimension of F 
satisfies the lower bound 

ln(mi ■ ■ ■ m,_i) 

dim// F > lim sup 

./^- -Mnijej) 



The proof can be found in 16] Example 4.6]. 



Proof of Proposition \2.5\ For some fixed a,-, we start with some cusp 7'(0)fl,- with 117(0)0,11 large enough, 
and define - ['y(0)fl, - ||y(0)fl |p > y(O)'^/ + \\y(p)a |p J' where e is defined as above. Then assuming Fj^i has 
been constructed and every interval of it is of form [ya,- - . jcii + ii^fjp]' define Fj inductively 
as follows: 

For each closed interval / - [yai - y^^ip , ya; + n^^ip ] of Fj^x, for any cusp 7/0/ e /, where 



y - yui(k), for k > No- Then if we take /' - [Ya/ - jpjjjr, y'a; + jiyTip]. then from Proposition 12.41 
we have for any x e /', ff ^ enters ya, and then y'a,, and from leaving ya, to entering y'a,, it spends 
at most So. Note that we have proved that ||yMi(fe)fl,|| is of form |||yfl,||f2(A;)^ + 0(y)| where |Q(fe)| - 1, 
i.e., its height is a linear function of k whose coefficient is more or less ||ya,||, then there are more or 
less l[llra.y^^2llpll'^-]l ^ \jyg^ ^ ||^^.||^ choices of ^ such that ||yM,(^)fl,|| e [Hyfliir^^, 2||yfl,||i+-]. Thus 
we have at least (up to a constant multiplication) ||ya,ir choices of /', and any two different intervals 
I[ = lYiai - ii^, y'lfl/ + li^] and = [yi,ai - ,^^,y'^ai + jj^], the gap between them is at least 

ly'fl; - ylfl/l - II , MM , II , since ly'fl; - ylfl/| » m , L , „ , we have the gap is » m , L , „ x - — 

"1 ' '2 'I llr',o,llllr2a;ll '■^i ' '2 'I llr,o/llllria,ir ° ^ Ilr,flilllly2"ill llrf;!!-*-"^ 

Then we define F j by the union of all these /"s. 

From this construction, we have for each interval [ya, - -^^^_,yai + jjipfjp] of F the height 
||yfl,|| e [||y(0)a,||(^+'"''"',2-'-i||y(0)fl,||*'+'^>'"'], then the above argument shows that mj x ||ya,.||'^ > 
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|l7(0)a,|p+'^>'"''" and e, » > — — ' , , . We can put m,- = |lr(0)a,|P+'^''"''^ and 

= 2O-l)(2+2<.)||y(0)fl,.||(l+-V-'(2+2-)' 



ln(TOi ■■■rrij-i) = In mj^ 



/(:=1 ' 

2:^:>(l+cr)*-iln||r(0)fl,|| 

^ "(l+;^)'r' i"iiy(o)"-n 

((l+^y-i_l)ln||y(0)a,.|| 



(34) 



And 



Therefore, 



-lnm,e, = ln(^— ) = In 



2(j-i)(2->2^)||y(0)^_.||( 



|(l+£r)J-l(2+2<r) 



llr(0)fl,||(i+-)^-'- (35) 
(;■ - 1)(2 + 2cr) In 2 + (1 + cry-\2 + cr) In ||r(0)ai|| 



limSUD = limSUD ((l+^)'-'-l)ln||y(OK.|| 

11111 sup -InrnjEj Jiiii^LiP/^oo (j-I)(2+2a-)ln2+(l+o-)-'-i(2+o-)ln||r(0)fl,|| 



1 

2+0- 



(36) 



Then from the above theorem it follows that if we define F - Hjao Pj^ then dim^ F > On the other 
hand, for any point xeF, suppose x e nj>o ^j, where Ij = [r(;)a; - jj^^;^ > r(;)ai + 1^;^] a closed 
interval of Fj, then from our construction, we have ||y(7')a,|| e [\\yij - l)a,||'^°", 2||7(y - l)a,|p^°"] and 
y(j) - y{j - l)ui(k(j)) for k(j) > No (in fact k(j) x \\y(j - l)fl,||'^), which follows from Proposition IZ41 
that enters y{j - 1 )«, and then y{ j)ai and moreover from leaving y{ j - 1 )fl, to entering yijia, it spends 
at most sq. Then for x, {y{ j)ai]j>() can be chosen as the subsequence of the spectrum of x satisfying the 
conditions in Definition l2.1l This shows that F c A,^. 

Thus we prove that dim// Aq- > . □ 

Remark: this result is a generalization of Lemma 4.3 in ||2]- 



3 EFFECTIVE COUNTING ON CUSPS 



In this section, we consider the following counting problem: given a interval I - {x - d,x + d\, 
and some large number h, we wonder if there is an effective estimate about the number of the cusps 
{yoo e / : ||yoo|| e [ci/i, C2/!]) for some constants c\ and C2- 

We fix a function / e C"(G) such that < / < 1 and it is supported on a neighborhood Q of e, 
such that Q. is contained in Do x K^, where Do is a fundamental domain of F-action on H^, and <z K h 

cos sin 

, we can choose 

- sin cos 9\ 

- {e{e) : 6 e [-nl\Q, njlQ]]. Then we can identify / with its projection onto C"(r \ G), and let / 
satisfy the following conditions: there exists another neighborhood Q' c Q such that / = 1 on Q! , we 
denote by S{4i) the Sobolev norm of a function ij/ e H^(r \ G). Let R (and L respectively) denote the 
right (and left, respectively) regular action on L^iG), i.e., Rig)(fix) - (fixg) ( and L(g)(p(x) = ipigx)) for 



a neighborhood of e in K. If we represent every element in K by e{6) = 
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g & G and ip e L?(G). It is easy to define similarly the regular right action on L^{T \ G), which is also 
denoted by Rig). Then there exists a constant k such that '^^'^l^ff^ ^ k for all t e K, for K is compact. 

For 7 e r, we consider the A^A/T-decomposition ofy- n{j)a(y)k{y). Then / and L(y^^)f have the 
same projection on L^{r\G). We denote /?(fc(y))oL(7"')/ by fy. It is easy to see that /y is also supported 
on a single fundamental domain T'(yDo), so we can also treat it as a function on F \ G. Moreover, fy is 
supported on yQfe(y)"' - n(y)a(y)(k(y)Q.k{yy^), and on yQ.'k{yy^ - n(y)a(y){k(y)Q.' k{yy^), fy - 1. 
If necessary, we may make Q. and Q! smaller such that there exists two neighborhoods of identity 
H' c S c Do X Ke, satisfying the following: for any k e K,E' (Z k^l'k'^ c feilfe ' c S. This can be 
done since the subgroup K - SO(2,R) is compact. Then for any y e F, /y is supported on n{y)a(y)'B, 
and on n(y)a(y)E', fy - 1 (note that A^A-component does not act on the /iT-component). Moreover, if 
we treat fy as a function on F \ G, fy = R(k{y))f. Then we consider the evolution of fy under geodesic 



flow, say R{a,)fy, where a, is the diagonal element 



At first we regard R{at)fy as a function on 



G, then R(a,) fy is supported on «(y)fl(y)Sfl_,, then if we project it to H = G/K, it is just the image of 



this subset acting on i. Take ^ = 



Wl Ci>2 



e H, then 



n(y)a(y)^a^,i = »(y)a(y) "^'+"'^2, 



(37) 



If we put n(y) = 



1 X(J) 
1 



, and a(y) = 



A-Hy) 



Aiy) 



Then 



(38) 



If necessary, we can make Q and Q' smaller such that for each ^ 



€ H, we have 



COT, OJ4 



\\e-^\ |e-2'] and '^"^^^X ' ^ [~3' ^o"" ^ - ^hen we have that the projection of n(y)a(y)Za., 
onto G/K = 11^ is contained in 



andy e 



4 /l(y)2e2/ ' 3 Aiy^e'-' 



(39) 



Now we consider the inner product of R(a,)fy and L(y' ' )/y for some y' e F. Then from our choice 



of /, we know that 



X 



R(a,)fy ■ L{y' ^)fydnc(g) < iJc(y'n{y)a(y)E n n(y)a(y)Ha_,) 



(40) 



Since G is semisimple and so unimodular, then fic is both left and right invariant. Therefore, 

l^ciyniy)a{y)'B. n «(y)fl(y)Sfl_,) = iJcig{y,y'):B. n Sfl_,) 

where y') = fl(y)"'n(y)"'y'n(y)fl(y). 

In Q, the following proposition is proved: 
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Proposition 3.1. See Proposition 3.2] Let G be a real algebraic group, and cr is an involution ofG. 
Let A — {a,} be a one parameter subgroup ofG, such that cr(at) — Let 

H = {geG : o-(g) = g] ^{g eG : a^,ga, east ^ 00} ^^^^ 

— {g e G : a,ga-i — » e oi f — > 00) Z - Zc(_A) 

Then there exist constant c and fo such that for neighborhoods //,-, C H, Z,-^ C Z and f/^^ of e in H, Z 
and t/^, respectively, small enough, t > to and any g & G, we have 

^ic(gU:Zr,Hr, n U:z,,Hr, a-,) < ce'^'pu- (U^f (42) 

where jiu* denotes the Haar measure on t/^. 

To apply the above proposition, we put G = SL(2, R) and o-(g) = (gO \ then H - K, Z - A and 
- N. Therefore from the above proposition we have that: 



where A^, is some small neighborhood of e in A^, determined by S. Combining this with the fact that 
fy - 1 onE' c S, we have \\fy\\l > j-LcC^') ^ c'pN(Nr)^. Therefore, the following statement holds: 

Proposition 3.2. There exist constants c and to such that for t > to, 

R(a,)fy ■ L(y'-')fydpc(g) < ce-^'WfyWj (43) 



X 



where \\ ■ II2 denotes the L^-norm in L^(G). Note that \\fy\\2 = II/II2 is independent of y. 

On the other hand, we can also treat fy and R{at)fy as functions on F \ G. We will apply the 
following theorem due to Moore: 

Theorem 3.1. See ^ Theorem LI ] Let M be a Riemann surface of constant negative curvature equal 
to -1 of finite volume, and let T'(M) be the unit tangent bundle of M. Let (p and ifr be in L^(T^(M)) 
orthogonal to the constants, and satisfying the Holder condition in the fiber direction for some a > 1/2. 
Then if gt is the geodesic flow, we have 

|(g;^,«A)l<ie-*l (44) 
where c depends only on M and L depends on the Holder norms of if and 

In the above theorem, the Holder condition of ip in the fiber direction for a is defined as follows: 
for every x e T'(M), if we define H{(f){x) = sup,^^ ^^-^^^^j^^^^, where \t\ denotes some translate invariant 

norm on K, then H{ifi) e L^(T\M)), and the Holder norm of 9? is defined to be yl\\(p\^^V\\H(j^)\^. 

Here T^(M) is the same as F \ G, the geodesic flow acting on L^(F \ G) is the same as /?(«,) action, 
and from the equivalence between Holder norm and Sobolev norm, we have the following: 



I fy ■ R(a,)fydnr\c - \ fydprxc \ R{a,)fydnY\c 
Jr\c Jr\G Jr\c 



< LS(fyfe-'\'\ (45) 
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where L and c depend only on T. Combining with Sify) < KS(f) and J^^^ R{a,)fydfiY\G - J^-^(j fydfir\G, 
we have 



Jt\c 



R{a,)fydiiY\c 



\Jt\c 



fydfir\c 



where L' and c depend only on F. Note that J fydj^ryc - Cv fd/Jryc^ we have 



r fy ■ R{a,)fydtiY\c > ( r fdtiT\c\ - L'S(f) 
Jr\c \Jr\G I 



Therefore, there exists Tq > such that for t > To, 



r - 

Jr\c 



fy ■ R(a,)fydiJr\c 



lo(X\c" 



On the other hand, 



I fy ■ R(a,) fydnY\c = y, I Uy')fy ■ R(a,)fydjj.: 
Jr\c p-^ Jg 



Here, on the right hand side, we treat fy and R{a,)fy as functions on G. 
Define 

N{t, r) = {r e r : £ L{y')fy ■ RiOfyd/uc > 



Then from Proposition 13. 21 we have that: 

fr\G -fy ■ ^("'^fy'^l^rxG = Zyer j(j L(7')fy ■ R(a,)fydiJc 



jy'eNit.y) 



ic i^iy')fy ■ Riadfydnc 



< \N{t,y)\ce-'-'\\f\\l 
where \N{t, y)\ denotes the number of elements in N{t, y). Therefore we have 

m,y)\ce-^'\\f\^^ > ^{^^^ Jd^lv,<)j 

Therefore 



„2f 



II/II2 



Now, for a fixed cusp 700, we may choose a representative y e yFoo, such that if y = 



(46) 



(47) 



(48) 



(49) 



(50) 



(51) 



n 72 

73 74 



(52) 



(53) 



, then 



I74I < l73l- This can be done since for n e Z, 



, then we can choose 



71 72 1 n _ 71 "71 + 72 
73 74 J [0 Ij [73 "73+74 
suitable n such that the condition above is satisfied. Then for any y' e N{t,y), we have y'^^yQ.k(yy^ n 
yQ.k{yy^a-i + 0. Every element on the right hand side corresponds to an element (x + yi, ■^) e T'(]H[^), 
where x+y; is contained in the set described in ( |39] l and v is very close to /. And on the right hand side if 



we denote y" -y' 'y ■ 



7 1 7 2 

7"3 7"4 



then there exists w e f2 close to e such that y"(j)k(j) ' — (x+yj, 4), 
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where v is very close to /. Then if we consider the A^A/T-decomposition of y" - n{y')a(y)k{y), then 



k{y) is very close to kij). Then we put k{y) - 



cos(e) sm(e) 
- sm(e) cos(0) 



, and k(y') = 



cos(6l") sin(0") 
- sin(6»") cos(6f ') 



it is easy to check that tan(6') = and tan(6'") - So from our previous choice of y we have 

\y\\ < lr"3|. Moreover, y"; = ^y^^ = ''''y'ty-p + '7lT?|' ^"^ = ^^"3' *en |^| < 1, and 

thus 

TfTTf "ylTT^^^2 7f' ^^^^ 

and 

| y"i _ y"iy"3+y"2y"4 1 _ ly"4l 
y"3 y'l+y'l (y"3+y"4)lr"3l 



_i it 
y 
1 

2r1 



(55) 



The same holds for y also. And since y; = ;\f(y) + i-^, we have \x(y) - ^\ < and e [:^^, jrl 
Therefore for any y' e A^(f,y), if we set y" = y'^'y then |y"oo -;if(y)| < + jijybiF ^"'l llr"°°lP ^ 
[|^(y)2e2', |^(y)2e2'] c [|||yoo||2e2f^ |||^<^||2g2r-|^ poi t > 10, we have |y"oo - x{y)\ < jiy^-^ and since 

Then if the interval / is of form [yoo - ^^^^^^ , yoo + jj^;;^] for some cusp point yoo, and /z = ||yoo||e' 
and ci = and ci - then from the previous argument, we have that there exists some constant 
^ = -ra (/r\c /^mc)' such that 

|{y"oo e / : ||y"oo|| e [cih,c2h]]\ > Re^' = Uih^\I\ (56) 

where |/| denotes the length of /. 

Remark: this is a generalization of [3, Theorem 2] from F = SL(2,Z) to any lattice T. 

At the end of the section, we prove a basic fact concerning cusp points; for any interval / of length 
|/| 5=: J, there exists at least one cusp point ya, e / with ||ya,|| < X, for aU large X > Q. 

In fact, for an interval I - {x - cX^^,x + cX"'], where c is a constant to be determined, we 
consider the spectrum of x, say {y(n)a(n)}, and take the last one y(m)a{m) in it with height ||y(m)fl(m)|| < 
X, then we claim that y(m)a(m) el. By|29l we have \x - y(m)a(m)\ x ||y(„,)„(„)||||y(',„+i)„(,„+i)|| , for 
\\y{m + l)a(m + 1)|| > X, we have \x - y(m)a{m)\ < cX^^ for some constant c. Then we choose this 
constant in our previous description of /. To sum up, we have the following proposition: 

Proposition 3.3. There exists a constant c only depending on the space F \ , such that, for any large 
number X > Q and any interval I of length 2c, there exists at least one cusp point yai e I with ||ya,|| < X. 
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4 GEODESIC FLOWS ON PRODUCT SPACE Ti \lfx-- xFAtf 
4.1 LOWER BOUND 

For product of hyperbolic two dimensional spaces, Fi \ X • • • X F^; \ H^, where Fi, . . . ,Fi: c 
SL(2, R) are lattices of SL(2, R), i.e., M,- = F,- \ admits a finite SL(2, R) invariant volume. Then the 
geodesic flow g,(xi ,.. ., Xk), where (xi . . . , X/t) e Mi x • • • , xM^ corresponds to the point Fi x ■ ■ ■ x F^ \ 

[l xl 

(?,..., i)u{xi) x • • • x u{xk), with m(x) = ^ ^ , corresponds to the projection of the following geodesic 
flow of x • • • x onto Mi x • • • x M^^: 

^(x,...x,) = {(xi + ^,...,Xi + -i^)erfx---xH2: seR} (57) 

For each x,- we define Wj^ (t) = asccQhaife-^'^lyaifUi-yatpe^') ^^^""^ is the cusp point of F, which x, +e~^'i 

yfh-' 



is close to. From our previous calculation it is easy to see that Wx-it) x ^xtit) = 3 



e ^'i). Then for the product space, for x = (xi, . . . , x^), we define W^it) = maxi<,<^ Wx^it). Then is 
divergent, i.e., for any compact subset A" c Mi x • • • x Mi^, there exists a constant T depending on K, 
such that for any t > 7,0^ is always outside K, if and only if Wxit) —^ooast—^oo. 

At first, we consider the case when k - 2. as we have done in the previous section, we suppose 
that {y(n)a(n)} and {y'(m)a'(m)) are the spectra of xi and X2 respectively, and {/„) and {/^) are the 
sequences of cusp-changing times for xi and X2 respectively, i.e., for xi (and for X2 respectively,), when 

t € \t„,t„+i) (and t € [Cf respectively), we have WxAt) = — n, , . , .„! -n » / \ / M121 r^m^r^, 

(and WxM) = — ,„ . ,, ..a -2, m ,/ \ M.21 . ,,2 2n respectively). In the previous section we have 

proved that e^*" - ||7'(n)a(n)|p (and e^''" x ||y'('w)a'(wi)lP respectively). Then for x = (xi,X2), we can 
find a sequence of times {t,) such that at each time t - t,-, Wx(0 admits local minimum. Then when 
/ - Ti, either Wxit) changes from Wx^ (f) to Wx2(t) or it changes conversely. Suppose the formal happens, 
then suppose t, g [t„, f„+i) n [f^, f^+i), since we assume that Wxit) changes from Wxiit) to Wx2it), we 
have on the left of r, Wxit) is decreasing and on the right it is increasing. That means on the left of r,, 
Wxit) = WxAt) = II , , , ,1121 ' / > / M2 2< and on the right of t,- Wxit) = WxM) = ,, , }, -2, , thus at 
t = Tiwe have the following: 

|lr(n)a(n)l|V^'|xi -r(n)a(n)l' = \\Yim)a'im)fe-^'' 
Then this value is equal to their geometric mean, i.e., 

y]\\yin)ain)fe^^i\xi - r(n)a(n)Pllr'('«)«'(m)lPe-2^' = \\yin)ain)\\\\y'im)a'im)\\\xi - yin)ain)\ 

We have proved that |x - y(n)a(n)| x ||y(„)a(n)||||y(n+i)a(n+i)|p therefore the above value is asymptoticaUy 
equaltoJ^^g^.Sowehave 

iiy(» + IK" + 1)11 
" llr'('«)«'('H)ll 
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. Similarly, if the latter happens, then 

||'y'(m + l)a'{m + 



llr(«)«(«)ll 

Then Wx(t) — » oo if and only if Wx(t,) — » oo and this happens if and only if 

, \\7(n)a(n)\\ \\Y (m)a' (m)\\ ^ 
||y'(m)fl'(m)|| \\y(n)a(n)\\ 

as min(||y(n)fl(n)||, \\y'{m)a'(m)\\) oo. In other words, given any large number M, their exists some 
number 7? such that for any spectral cusp y{n)a{n) of xi and y'(m)a'(m) of X2, if min(||7'(n)a(n)||, \\y'{m)a'(m)\\) 
R, then 

, lly(«)a(«)ll ||/(m)fl'(m)|| ^ 

max( , ) > M 

||y'(m)fl'(m)|| \\y(n)a(n)\\ 

In this section, we will prove the following proposition: 

Proposition 4.1. For any x\ € for T\ \ H^, then the set D{x\) = {x2 e R : Q{x,y) is divergent ) has 
Hausdorjf dimension 1. 

We also quote the following result from ||2] : 

Proposition 4.2. Let F c M? and E its projection onto the x-axis. For each x e E, let be the line 
{(x,y) : y e R). IfAxmniF n Lx) > t for all xe E, then 

dim/f F > t + dim/f E 

This is Lemma 4. 1 in |2 | and Corollary 7.12 in |)6]. 
Combining the above two propositions, we have the following: 

Proposition 4.3. If we define D2 = {x e R^ : « divergent }, then we have: 

3 

dim// D2> - 

Then for any product space Fi \ x ■ ■ ■ x \ H^, for any x e R*, since we just need Wx(f) = 
max(Wxfit), ■ ■ ■ ,Wxi.it)) —» 00 (as f —> 00), and this happens if we have max(Wv,(f), W'j:,(f)) — » 00 (as f ^ 
00). This shows the Hausdorff dimension of = {x e R*^ : is divergent ) is at least dim// D2 + {k- 2) 
(i.e., we just need ^(a,,.12) to be divergent and let other components be chosen arbitrarily). 

Summing up, assuming Proposition |4]T] we have the following theorem: 



Theorem 4.1. Let be defined as above, then we have 



dim//Di>fc-i (58) 



Now the only thing we need to do is to prove Proposition l4.1 



Proof of Proposition \4.1\ For a fixed x\ e A^-, suppose {y{n)a{n)} is the refined sequence of cusps of x\, 
such that 
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1. ||r(«+ 1)11 e [||r(«)fl(«)||'+-,2||r(«)fl(«)irn 

2. From leaving 'y(n)a(«) to entering y{n + l)a(n + 1), it spends at most sq. 

Let q„ - ||y(n)a(n)||, h„ = and /zj, = q„ In g'„. We start from some no large enough. We choose a cusp 
Y{rn))oo such that ||')''(no)°°ll 6 [ci/i,,,,, C2/i„J, where ci, C2 are given in previous section. And we define 
Frio - ^"0 [t'(«o)°° - /'-r>T'(no)°° + p-rl. where /:> > 1 is a constant to be chosen later Suppose 
F„ is already defined and is a union of finitely many disjoint closed intervals each of which is of form 
[Y(n)oo - p-k,y'{n)oo + p-^], where lly'Cw)^!! e [ci/j„, C2h„]. Then we construct F„+i as follows: 

We start with a closed interval of F,,, say /„ - [y'(n)oo — j,y'{n)oo + 4-], We take y is of form 



Y{n)u\(k)sj, where u\{k) - 



Tjy'^{n)\, where y'{n) 



1 k 

1 

r'i(n) j'l^n) 

y'-iin) y\{n) 



e Too and Si - 



T 



e S , then ||yoo|| = \kTjy'^(n) + ajy'^in) + 



and ||7''(n)oo|| 



|y3(n)|. We can choose k appropriately such 



that llyooll e [h'^ - Ch„,h'^ + Ch„] where C is some constant depending on Fa. For n large enough we 
have ^^^7^ is very close to 1 . And from the result we have proved, there exists a constant C such that 



\y'(ji)oo — ycx>\ < 



||/(/7)oo||||yoo|| 



< ^, where C is a constant very close to C. Then we can choose p 



properly such that /' - [yoo - ^^^^,yoo + jjip^] c /. Then from the result of previous section we have 
the following 



\{y"oc e /' : ||7"oo|| e [cih„+i,C2h„+i]}\ > 



2 

n+1 



jR\I'\h 

(K)- 
= Ri ^ 



(59) 



I 



For each such y", we define a closed interval /„+i - [y"oo - p-^,y"oo + p^—], and define F„+\ to be 

9n+l 9n+l 

■f, and 



qj-\ inqjlnqj^ 



the union of all such intervals. Using the notation in Theorem l2.1l we can take mj = ( 
from what we have proved, the gap between two intervals Ij and I'j of Fj is at least Const. x ^i^^ 
so we can take ej = 



(In?,)' 



Then if we define F - C\j>„„ Fj, according to Theorem l2.1l we have 

In r. 



dimff F > 



lim sup^_ 



■■'"/-I 



-\n{mj€j) 



(60) 



Since m,- = (- 



'i ~ ^ ?~7Tnfli75~7-' ' ~ 2 In - 2 In qj-\ - 2 In In qj - 2 In In qj-i, in the computation 

of the limit we can ignore the terms -2 In In qj and -2 In In qj^i for they are much smaller than In qj and 
ln<7j_i. Then lnm„u ■ ■ ■ mj_i can be estimated by YJiZl^ 21ng',-21nq',_i = 2 \nqj-\-2\\\q„^-\ x 2 lnq'j_i. 



for i large. And - ln(mje,) = - ln( 

\nm„^---mj-i 21n^,_ 



(in qjf 



is large enough. 



- ia{mj€j) 



21n9j-i 



9} 9}_,(ln9jP(ln9j-l)- 

- 1 , and thus, 



■) - 21n^j_i +21nln^y_i x 21n^y_i. So when j 



lim sup 

;->oo 



lnm„„ ■ ■ ■m,_i 



(61) 



■\nimj£j) 

This proves that dimn F - I. 

On the other hand, for any X2 e F - f]j>„„ F j, € Ij - [y'(y)oo - p-^,y'(j)oo + p-K], for each 
j, and ||y'(y)oo|| e {c\hj,C2h j\. Then from our previous discussion about geodesic flows on F \ and 
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distance between a limit point and a cusp, we have that Q^i enters the cusp y'(j)oo at some moment 
and moreover, the next cusp enters has height x |i = h'.. Then if we consider the pair (xi, X2), for 
xi e Act, any cusp of x\ has height near ||7(n)a(n)|| = for some n, and near qn, the largest cusp of X2 
smaller than ^„ is near (up to a constant multiplication) /?„ = and the smallest cusp of X2 larger than 
qn is near (up to a constant multiplication) = ^„ ln^„, this implies that for any cusp y'(m)a'{m) of X2 
whose height is large enough, 

, lly(«)a(«)ll ||y'(m)fl'(m)|| ^ 

max( , ) » In q'„ ^ 00 (62) 

\\y'{m)a'{m)\\ \\y(n)a{n)\\ 

This shows that F c D{x\). Combining this with dimn-F = 1, we complete the proof of Proposition 



4.2 UPPER BOUND 

In this subsection, we will prove the following: 

Theorem 4.2. For some small number 6 > Q, if we define: 

Ek{5) = {x e : Wx(f) > 5'^ for any t > 0) (63) 

Then there exists some small constant 6q depending on k and the product space Fi \ x ■ ■ ■ x T/t \ H^, 
such that for all < 6 < 60 
For k — 2, we have 

dimnEiiS) <^+6^'^ (64) 

And for k > 3, we have: we have 

dimn Eki6) <k-l/2 + 6^'^ (65) 

Remark: this theorem is a generalization of the first part of |l2l Theorem 6.1], and the main idea 
of its proof is the same, but from the case when F = SL(2, Z) to general case when F is any lattice, we 
have some difficulties to overcome. Here we follow the paper of Cheung to deal with the case k = 2 and 
k > 3 separately, since they are diff'erent in some essential manner 

In general, for any lattice F c SL(2, R), we use notations a, b, c to denote the cusp points of F in 
R c ^H^. We want to give an upper bound of the number of cusp points lying in some interval / with 
heights bounded by X. In particular, we will prove the following statement: 

Proposition 4.4. Given an interval I and a positive number X, we have 

Z (66) 

where Q(I,X) - {b is a cusp point : b e /, ||b|| < X] and |/| denotes the length of I. 
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Proof. Take all cusps lying in / with height less than or equal to X and order them from small to large, 
say Q(I,X) = {b,),=i,...,A' with b,- < b,+i for all /. From what we have proved, b,+i - h, » jjFlliiiH' ^^^^ 
there exists some c > such that b,+i - b,- > ,,. 1,,,. . Combining ||b,+i|| < X, we have 



c 

bi+i - b; > 



^l|b/|| 

Take the summation for / = 1 , . . . , A^, we have 

c \-~t I 
-bi > - > — 
' - y Zj iibll 



bw ■ - 1 - 

beQ(I,X) 



For b^f - bi < |/|, we have that 



c 1 
- X ^ ilbil 

beQ(I.X) " " 

And this leads to our conclusion. □ 



Then for a fixed interval / if we define Fj(X) - \Q(I, X)\, then the above statement implies that 

r -dFiit) <K \I\X 
Jt<x I 

If we define G/(X) = j'^^ \dFi{t), then dGiit) = \dFi(t) and Gj{X) « \I\X. 
With this estimate, we are ready to follow Cheung's proof in |I2]. 

Case k - 2: For the product space Ti \ x \ H^, we define (3, c R c G/P to be the set of 
cusps of F,- \ H^, for / = 1,2, and we define £i-Qi xQ2. For (oi , 02) e Q, we define B(ai , 02) to be the 
neighborhood of (oi, a2) consisting of points whose ith component is within the neighborhood 
of a, for / - 1,2. Let 3 denote the subset of Q consisting of the elements satisfying the following 
conditions: 

||ai||<c5||a2|| or ||a2|| < 5||ai|| (67) 
For any (0102) e 3, we define cr(ai, 02) c 3 to be the collection of elements (a'j, e 3 such that 
Case 1 if lloill < 5||a2||, then a\ 1-01,02^ 02, and HOjH < 6\\a\\\ 
Case 2 if ||a2|| < 5||ai||, then a'j 1- 02, a\ |= ai, and ||o'j|| < ^HajH 

Here a' h a means there exists some vertical downward geodesic flow 0^ entering a and leaving 
it for a' and a' |= a means there exists some vertical downward geodesic flow entering a and then 
entering a' after a while (but a' might not be the very next cusp point 0^ leaves a for). 

We recall the definition of self-similar covering of some subset E cM?: 

Definition 4.1. See [2. Definition 5.1 and Definition 5.2] 

Let S be a countable covering of a subset E C M? by bounded subsets o/R^ and assume that it is 
indexed by some countable set 3/ let cr be a function from the set 3 to the set of all nonempty subsets 
o/3- For any a & \S we write B(a) for the element of S indexed by a. We say (S, 3, cr) is an indexed 
self-similar covering of E if there exists a A, < A < 1 such that for every x e E we have a sequence 
(aj) of elements in 3 satisfying 
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1. nB(aj) = {x} 

2. diamB{aj+i) < AdiamB(a j) for all j, and 

3. aji-i € cr(aj)for all j. 

where diamZ? denotes the diameter of set B. 

Let S denote the collection of all subsets of form B{a\, 02) where (oi, 02) e 3, We will prove that 
(S, 3, cr) is a self-similar covering of £2(6). In the following reasoning, for simplicity, we treat A x B 
the same as A = B, and treat A B (A » B respectively) the same as A < B (A > B respectively), i.e., 
we ignore the constant multiplications in estimate, this simplicity does not effect the final result. 

In fact, for any x - (x^xj) € £2(6), then we have Wx(t) - max(E_y,(t), Ex,(t)) > 5"' for all f > 0. 
And moreover, there is a sequence of times {?„) consisting of all local maxima of Wx{t). Take any t„, and 
without loss of generality, we assume that Wx(f„) - Wc, (?„). Suppose at f = t„, is near a„ and denote 
its next cusp point by a„+i. Then Wx(fn+i) = VKijCfn+i)^ and if at this time is near b„, then from our 
previous discussion on the properties of W-^if), we have that between f„ and f„+i, there is a unique local 
minimum t„ of W^it) and Wv,(t„) = Wv^Cr,,) x Then since x e E2{5), we have i^j^ > i.e., 

||b„|| < 5||a„+i||. And from the choice of a„ and b„, we have 

|xi-a„+i|< 



l|a„+i|P l|a„+i||||b„|| 

Moreover, when f = f„+i, Wx(f„+i) = WxA.tn+\), and at this time, is near b„, and we denote its next 
cusp by b„+i, and if we consider the next local minima f„+2, we have VKx(f„+2) - VKj, (f„+2), and suppose 
at this time Q^^ is near cusp a„+2, then a„+2 N <^n+i, so ||a„+2ll » ll<i„+i||, and at the unique minimum 
T„+i of Wx(t) between f„+i and f„+2 we have Wx(t„+i) x jjijaijl > This means ||b„+i|| > 5"'||a„+2ll > 
l|a„+2ll » l|a„+i||, therefore, 

\X2 - bj X - 



l|b«+ill l|a„+i||||b„|| 

From the above argument, we have x € Z?(a„+i,b„), and for the same reason, x e B(a„+2, b«+i), thus 
X G n^^jB(a„+i,b„). Moreover, we have a„+2 h Qn+i and 6)1+1 I- b„, so (a„-i-2i b„+i) e cr( a„+i,b„). Finally, 
it is easy to see that 

diamB(a„+2,6«+i) = 7. [^tt — 7. < ^7, TTTiriT = MiamB(a„+i, b„) 

l|an+2lll|b„+i|| l|o„+i||||b„|| 

Combining all the facts we get above, we conclude that (S, 3, cr) is a self-similar covering of £2(6). 

To get the upper bound of the Hausdorff dimension of £2(6), we need the following theorem proved 

in m. 

Theorem 4.3. (See [T Theorem 5.3]) 

Let (S, 3, o") be an indexed self similar covering of a subset E cM.^ and suppose there is an s > 
such that for every a € 3 

^ (diamB(a')y < (diamB{a)Y (68) 

Q''GO'(a) 

Then dim// E < s. 
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For a subset B{ai, 02) e S, its diameter diamB{ai, 02) >; ij^^Tjjjj^- Then for every (a'j, a'^) e cr(ai, 02), 

diamB{a\, a'^) ||ai||||a2|| 
diamB(ai,a2) lla'illllajll 

Idiamm^^V _ / l|nilll|tt2ll V (f,Q\ 

l^{.a\,a'^)ea-{ai,a2)ydiamB{aiA2)j " -^("'i ■«2)<=°"("i '"2) \ l|o; lll|i<ll j ^ ' 

For symmetry, we assume that ||ai|| < 5||a2||, if we put = a and = b, then from the definition of 
3, we have a > 5^^ and for fixed a > 0, then b < 6a. Then for fixed a > 6^^, since a'j i- ai, there are at 
most C choices of a'j such that ||^ € [a,a + 1), where C is a constant. Since we ignore all the constant 
multiplications and treat them as 1 we may treat C - I. Note that a' ^ a implies |a' - a| <K ||a||"^. We 
define 

C(a2, X) = {b is a cusp of r2 : |b - 02! < ||a2ir^ : ||b|| < X||a2||) 

And define F(X) = \C(a2,X)l and G(X) = J^^^ ^dF(t) = ||a2|| J^^^ i^\dF(t), then from Proposition gl] 
we have 

G(0.||a2ll?""^" - 



Then for any s e (|, 2), we have 



l|a2lP 



Zj(o',,a^)eo-(iii,ii2) ^^diamB(ai,a2) j ^(n'i.a;)£o-(ni,02) ^||a;||||a^|| j 

< i:a>s--^L_eaWrdG(b) 
Here for the integral we apply integration by parts and the fact Gib) < b: 

LsaWrdG(b) = ^G(6a)-l^^^G(b)db^-^ 

- Wr^G(5a) + (s-l)^^^^^b-^G{b)db 
< j^(6a) + (s-l)l^^^b-^bdb 



(70) 



(71) 



-1+2 

2^(<5«)^-^ 



We plug it into dTOb . we have: 



/ diamfi(n;,tt;) y _ 1 1 /e O 

Zj(a;,n^)eo-(a,,a2) \^diamB(ni,a2) j Zja>S-^- 



(2-i)(2.v-3) 



(72) 



Then for i = I + 6^ , then '^^'o — - = (5s thus for 6 < 2 ^ , the above sum is less than 1. This 

2 ' (2-i)(2.s-3) ij^^ ' 



completes the proof of Theorem 14. 2 
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Case k > 2: the same as above, let Qi denote the set of cusp points of F, \ H^, and we define 
Q(^) - Q\ X ■ ■ ■ xQk X {I, . . . ,k} X {I, . . .,k}. For each fixed / e {1, . . . , ^) and X >0, from Proposition 
13.31 we may choose a subset QiX, i) - {yin, X, i)a(n, X, Olnez c Q, such that 

-oo < ■ ■ ■ < y(0, X, i)a{0, X, i) <yil,X, i)a( \,X,i)<-- - < y{n, X, i)a{n, X,i) < ■ ■ ■ < +oo 

with y{n + l,X, i)a{n + \,X, i) - y(n,X, i)a(n,X, i) x X"' for all « e Z, and moreover, for any x e R, 
we may choose the cusp y(n, X, i)a(n, X, i) € Q{X, i) nearest x such that \x - y{n, X, i)a(n, X, i)\ <K X"' . 
With this we define the subset 3 c £l(^) consisting of elements (ai,. . .,ak, i, j) e £i{k) satisfying the 
following conditions: 



And for each (oi, . . . , a^, j) e 3, we define B(ai, . . . , a^, /, j) to be the neighborhood of (ai, . . . , ak) 
whose fth component is within the neighborhood of a/. And let A(ai, . . . , a,t, /, j) c B{a\, . . . ,a.k, 



note S by the collections of all subsets of form B(ai , . . . , a^, /, j) where (ai , . . . , a^, /, j) e 3- Then we 
define cr{ai, . . . , a^, /, j) c 3 to be the subset consisting of elements (a'^, . . . , a^, j, 0^3 satisfying the 
following conditions: 



2. ||a,|| < ||a;|| and ||a,|| < ||a;|| 

3. A(ai . . . , ot, /, n A{a\, . . . ,o.[, * % 

4. ||a,||2 < ||a,-||||a,|| 

We may show that (S, 3, o") is a self-similar covering of Ek{S). 

In fact, for any x = ix\,. . . ,Xk) e Ek{S), we consider the function WJf) - maxi<,<^ Wx^t)- Then 
there is a sequence of times [tp] such that W^it) admits local maxima at each tp. Suppose W-xitp) = 
W^;,pi(fp), then if a,(p) and b/(p) be the cusps of x^p) such that Qx^^) enters the formal one right before time 
tp and enters the latter one right after time tp. From the property of Wx{t), we have tp = 5 In |^.^ ^ x 
J In ||a,(p)||||t>,(p)||. Between tp an tp+i, there is a unique local minimum of Wx(f) at f = Tp, and from our 
previous discussion concerning Wx(t), we have Tp x i In ||a,(p+i)||||b,(p)|| and W^iTp) x j]^^^^, then since 
X e Ek(S) we have ||o/(p+i)|| < 5||b,(p)||. 

We choose a subsequence of {(a,(p), b,(p), i(p))} as follows: given (a,(p,), b,(p,), i(pi)), we define pi+i 
to be the smallest p such that \\hnp,)f < ||b,(p)||||a,(p+i)||, then we have \\hnp,)\\^ < \\i>np,^^)\\\\anp,^J\, and 
moreover we have 



||a,|| < V^INI and a, e e(||a,||||a,||, for / ^ /, ; 



(73) 




1. a', h a,- 



For simplicity, we write (am), b,(;), instead of (a,(p,), b;(p,), i(pi)), then we have 



V^||b,y)|| and ||b,(,)|P < lib !(/+l)lll|0;(;+2)ll 



(74) 
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and moreover a,(/) and b,(;) are consecutive cusps in the spectrum of 

Then for each I, we define (ci, . . . , c^;, /(O, '(^ + 1)) e 3 as follows: c,(/) = b,(/), c,(/+i) = a/y+i), 
and for other subindex /, we choose c/ to be the cusp in (2(l|Ci(/)lll|Ci(/+i)ll, nearest Xj. Then we have 
(ci, . . . , cit, i(l + 1)) € 3- And moreover, since a,(;+i) and b,(;+i) are consecutive cusps in the spectrum 
of we have 

1 , 1 ^ 1 

a,(,+i)| ^ ||„.^^^j^|||u,.^^^^^|| < ||a,.y^i)||||b,.(,)|| ||c,y+i)||||c,(,)|| 

And also we have 



1-^/(0 - <K 



1 



l|b,X/)lP 

For other subindex /, we have Ixi - c/| < t; — rir m from our choice of c;. Therefore we have 

X e A(ci,...,Ci,/(0,/(/+ 1)) c B(ci,.. .,ca., /(/),/(/+ 1)) 

Since diamZ?(ci, . . . , c^, i(l + 1)) — > as Z — > oo, we have P|/ B(ci, . . . , cj^, /(/), i{l + 1)) = (x) 
Next, we need to check that (c'j, . • ■ , i{l+2)) e cr(ci, . . . , c^;, where (c'j, . . . , 

+ 2)) is the element in 3 defined as above for I + I. In fact, at first, we have c^^^^j^ - H 
a,(/+i) = c,(,+i). Secondly, we have c,(;) = b,(/), cj^^^j^ = b,(/+i), c,(/+i) = ajy+i) and c'.^^^^^ = a,(;+2), 
from our definition of (o,(,), b,(Q, /(O), we have ||b,(/)|| < ||b,(;+i)|| and ||a,(/+i)|| < ||a,(/+2)ll- Also, x e 
A(ci, . . . , ct, /(/), i{l + 1)) n A(c'j, ■ ■ ■ , c^, Kl + 1)> Kl + 2)) implies it is not empty. Finally, from our con- 
struction, we have 

iic,(oii' = 116,(011' < \Km)\\\Ki^2)\\ = iic;(,+i)iiiic;(,+2)ii 

Therefore (Cj, ■ ■ ■ , c^, /(/+ 1), /(/ + 2)) satisfies all conditions of cr(ci, . . . , c^, /(/), 1)), this shows that 
(c;, . . . , c[, HI + 1), HI + 2)) e (r(ci, . . . , c,, /(/ + 1)). 

Finally we have to show that there exists a constant A such that 

diamB(c'i, . . . , c^, /(/ + 1), /(/ + 2)) < /ldiamB(ci, . . . , ct, /(/), i(l + 1)) 

In fact, diamB(c;, . . . , c^, /(/ + 1), i(l + 2)) = and diamB(ci, . . . , c,, i(l + 1)) = p;;;^^;;;;;^, 

and from our construction of (a,(;), b,(/), /(/)), we have 

l|a/(;+i)lll|b,x/)|| < V^||b,(;)||2 < V^||b i(/+i)lll|a<(;+2)ll 

Then we have 

diamB(c'i, . . . , 4, i(l + 1), ;(/ + 2)) < V5diamB(ci, . . . , c^:, HI), i(l + 1)) 

Summing up all argument above, we have (S, 3, o") is a self-similar covering of £^((5). 

Next for some fixed (ci, . . . , c^;, /, j) € 3, in order to apply Theorem 14. 31 for some s > 0, we need 
to estimate the following summation: 

y / diamg(c;,...,c-,i,O y 

(c , ...,c'j,Oeo-(c,,...,Ct,ij) ^ ' " 
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For fixed subindex I, we define 



o-/(ci,...,c^,/,;) = {(c'i,...,c^,;,0 e o-(ci, . . . , c^, /, ;)) c cr(ci, . . . , c^, /, ;) 
At first, we study the summation 



^ /diamBic\,...,c[,j,l) 



I diamBfci, . . . , ci-, /, /') 

for fixed subindex /. 

In fact, the above is equal to 

1 \* 



z 

(c'j,...,c;;j,Z)eo-,(c,,...,ct,ij) 



„c'iiiic;„ , 



We put = a and = Z?, then we have a > 6 ^ and b < yfda. Since c'j I- Cy, for fixed a, the 

number of cusps of such that jj^ = a is <sc 1, then we may treat it as 1. And since |cj - c/| < ||||^ we 
define 

C(l,X) = {c; : |c; - c,| < and ||c;|| < X||c,||) 



And put F(X) = \C(l,X)\, and G(X) = j'^^ jdF(t), from Proposition|43] we have 

GiX) = ||c,|| -riT'^^^^) ^ IIqII = ^ITT 

J,<x f||c/H l|c/lllloi| llcjil 

Moreover, for fixed c'j and and for any other subindex m + i, the cusp c'„ must be inside the y and 
moreover c,'„ e 2(||c^||||cJ||, m), there are at most jj^qjij^ choices for cj„, but for the subindex /, we have that 
c' is within the n-W neighborhood of c,-, and c' e Q(||c'.||||c;||, 0, there are at most ^^trllr^ = I i!^!!^'!! if IN!) 

' I|C,I|- ° " ' iiVII ^llll /Ih ||j,||2 \^||c,||||c,||yVl|Cill/ 

choices for cj. Therefore, suppose s e (k - ^,k), the above summation is equal to: 

Zj(c;,...,c;.j,oecr,(ci,...,ci-,/j) \^lle;iii|c;ii ) Zj(c;„c;) ^||c',||||c;i| j [\\cM<j\\ ) \ ml 

Using the same argument as in case k - 2, combining the fact G(b) < /jjM we have: 



(76) 



uk-l-s 
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Plug the above into the summation ( l76l l, we have: 




/iNiiMy (m.\y _ 

_ a(>-.)/2 . 

- -rr 2^a>s-' a 



,2k-2s-2 



.k-s 



(78) 



^(l-i)/2 ^2s+l-2i: 

k-s 2s+l-2k 



{k-s){2s-i-l-2k) 



Then for 6 small enough and for s - k - I /2 + 6^^^, then we have ,, ^' "^'^.^ - Itt^ = <5'^'^ <K 1- Let / 
go over all subindex except j and take the summation of all 



Thus we claim that there exists some 60 depending on k and the space Fi \ x • ■ ■ x F^: \ such that 
for all 6 < 60, we have dimn Ek(6) <k-l/2 + 6^'^. 
This complete the proof. 

Since c Ek(6), from dim// £2(6) < | + 6^'^ and dimn Ek(6) <k-l/2 + 6^'^. By letting 6-^0, 
we have dim// < k — \ 12 

Combing this with Proposition l4.3l we have the following: 

Theorem 4.4. dimn Dk^k - 1/2 

Combining all the theorems we get in this section with our discussion in Subsection ll.il Theorem 
II. H is proved. ■ 
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